Blebs are balloon-shaped membrane protrusions that form during many physiological processes. Using computer simulation of a particle-based model for self-assembled lipid bilayers coupled to an elastic meshwork, we investigated the phase behavior and kinetics of blebbing. We found that blebs form for large values of the ratio between the areas of the bilayer and the cytoskeleton. We also found that blebbing can be induced when the cytoskeleton is subject to a localized ablation or a uniform compression. The results obtained are qualitatively in agreement with the experimental evidence and the model opens up the possibility to study the kinetics of bleb formation in detail.
I. INTRODUCTION
It is well established that morphological deformations of the plasma membrane may be induced by the interplay between the cortical cytoskeleton (CSK) and its lipid bilayer (LB) [1, 2] . Many cells exhibit transient exoplasmic protrusions, known as blebs, during several physiological processes, including cytokinesis, cell motility, apoptosis, and virus uptake [3] [4] [5] [6] [7] [8] [9] . Recent experiments revealed that blebs can be induced in suspended fibroblasts when these are subjected to a localized ablation of the cortical CSK [10] . Blebbing is also observed when tension on the cortical CSK is increased after activation of myosin-II motors [10, 11] . This letter presents a computational study of membrane blebbing using a particle-based model for a self-assembled LB coupled to an explicit CSK.
Blebs are believed to be triggered by a biochemical inhibition of myosin-II leading to either a localized rupture of the cortical CSK or its detachment from bilayer [10, [12] [13] [14] [15] [16] . They then grow into spherical protrusions, up to 2 µm in diameter, which are devoid of acto-myosin meshwork [15] . In non-apoptotic cells, blebs retract due to recruitment of actin-membrane linkers to the bleb's membrane, polymerization and contraction of actin within the bleb [13] . Red deed, a large fraction of an RBC's plasma membrane is shed into small vesicles that are devoid of spectrin CSK [17, 18] . The small size of RBC-shed vesicles suggests that the precursor blebs may have a size about the corral size of the RBC spectrin meshwork [15] . Blebbing in RBCs is believed to result from a reduction of ATP levels during the aging process leading to a contraction of the sepectrin meshwork [18] . Despite its importance to various biological processes, few theoretical studies were performed to understand blebbing [10, 19, 20] . A theoretical or computational study of cell blebbing is obviously very difficult due to the vast complexity of cells. Simplified models are thus needed to infer some aspects of blebbing. Here, we propose a particle-based model system, where the only ingredients taken into account are the LB and a simplified CSK. Our results clearly demonstrate that membrane blebbing results from a subtle interplay between contractile tension of the CSK meshwork and the LB elasticity.
II. MODEL AND METHOD
Our study uses a mesoscale implicit-solvent model, recently developed by us [21] , of self-assembled lipid molecules with soft interactions. Here, lipid molecules are coarse-grained into semi-flexible amphiphiles composed of one hydrophilic particle (h) connected to a chain of two hydrophobic (t) particles. The self-assembled onecomponent lipid vesicles do not possess a spontaneous curvature. The inner side of the vesicle is underlined with a semi-flexible polymer meshwork tessellated by triangles formed by linking vertices with semi-flexible polymer chains. The CSK configuration is composed of 162 vertices, corresponding to N cor = 320 triangular corrals. 150 vertices have six links while 12 have five links. Each link is composed of 8 to 22 monomers. All links are identical for a given vesicle. The vertices are anchored to the membrane through bola lipids mimicking the anchoring protein complexes in RBCs. We note that the CSK topology remains conserved during a simulation. A pictorial presentation of the model is shown in Fig. 1 . The interaction potential between particles includes two-body interactions, harmonic interactions for the bonds within a lipid or CSK meshwork, and three-body interactions to account for bending rigidity of lipid particles and CSK [21] 
where r i is the position of particle i, r ij = |r j − r i |, and α i = h, t, or c for a lipid head, lipid tail, or a CSK bead, respectively. In Eq. (1), U αiαj 0 is a soft two-body interaction between two particles i and j and is given by 
The self-assembly of the lipid chains in this model is achieved through the addition of an attractive interaction between tail particles. We choose U αβ min = 0 if either α or β = h, and U αβ min < 0 if α = β = t. U αβ max > 0 for any values of α or β. The interaction between the cytoskeleton particles and lipid particles is assumed repulsive.
The potential U α bond ensures the connectivity between two consecutive monomers in a lipid chain or cytsoskeleton and is given by
where k α bond is the bond stiffness coefficient and a b is the preferred bond length. U α bend is a three-body interaction potential ensuring bending stiffness of the lipid chains and is given by
where k α bend is the bending stiffness coefficient of a lipid chain or CSK and θ α 0 is the preferred splay angle and is chosen as 180 o for all triplets. The values of the interaction parameters are given by
and r c = 2r m , and a b = 0.7r m . The thickness of the lipid bilayer in the present model is given 4.1r m . The thickness of a in the fluid phase and in vitro condition is about 4.5 nm. We thus estimate r m 0.91 nm. The area per lipid for a tensionless bilayer in the present model is about 0.65 r bilayer in the fluid phase is about 0.63nm 2 [22] . Therefore, we estimate r m 1nm. Phospholipid bilayers in the fluid phase and in vitro typically have a diffusion coefficient D ≈ 1 − 10 × 10 −12 m 2 /s [23] . In our model, D ≈ 0.015 r 2 m /τ . Therefore, the time scale τ ≈ 1 − 10 ns. Many of our simulations were performed over durations of milliseconds. We note that the thickness of the lipid bilayer of the plasma membrane in vivo is not known, although we do not expect it to be much different from that in vitro. We also note that in vivo, the diffusivity is about one order of magnitude smaller.
The particles are moved using molecular dynamics with a Langevin thermostat [21] :ṙ i (t) = v i (t) and
, where m is the mass of a particle (same for all particles). Γ is a bead's friction coefficient, and W i (t) is a random force originating from the heat bath, and satisfies W i (t) = 0, and
Equations of motion are integrated using the velocity Verlet algorithm with Γ = √ 6m/τ where the timescale τ = r m (m/ )
with r m and being the length and energy scales. Simulations are performed at k B T = 3 with ∆t = 0.02τ . Many simulations were run up to 8 × 10 6 time steps, which corresponds to time scales around 10ms. A large number of vesicles were investigated with number of lipids ranging between 35 000 and 2.5 × 10 5 , corresponding to vesicles' diameter between 70 and 160 nm.
III. RESULTS
We first focus on the phase diagram of the system (cf. Fig. 2 ), which is described in terms of the rest area of a CSK corral, A cyto we use an earlier argument by Sens and Gov [19] . In the homogeneous phase, the free energy of the vesicle (assumed to be spherical) is dominated by the curvature energy of the bilayer and the elastic energy of the CSK patches,
, where κ is the LB bending modulus, e is the corral stretch modulus and A cyto is the area of a single stretched corral. However, if the vesicle exhibits a single bleb, the CSK is stress-free, and the vesicle's free energy is then dominated by its curvature energy, To further investigate the nature of blebbing, the CSK elastic energy is shown vs. the area mismatch, s, in Fig. 3 for the case of A (0) cyto = 92r 2 m , together with snapshots of the CSK for different values of s. This figure indicates that the CSK potential energy is minimized at s min ≈ 1 slightly larger than 1. s min is slightly above 1 due to the slight curvature of the LB. When s < s min , the CSK is compressed due to the small area of the vesicle, while for s min < s < s , the CSK is stretched, implying that it exerts a compressive stress on the LB as s is increased towards the phase transition. In this regime, the increased elastic energy of the CSK is compensated by the low curvature energy of the vesicle which is almost spherical. For s > s , the CSK elastic energy becomes too high if it were to conform to the large membrane. Instead, the free energy is minimized when the vesicle protrudes a bleb that is devoid of CSK. The CSK then conforms to an effective vesicle with smaller area. In this case, the CSK adopts a stress-free configuration (snapshot (d) of Fig. 3 ) which is very similar to the case of a non-blebbed vesicle with a stress-free CSK (snapshot (b) of Fig. 3) . The sharp discontinuity of the CSK elastic energy implies that the transition is first order, in accord with Ref. [19] .
We now turn to the kinetics of bleb formation and growth following a localized ablation of the CSK. The numerical experiment shown here was performed on an initially homogeneous vesicle with corral rest area A (0) cyto = 43.1r 2 m and mismatch parameter s = 1.90 (right below the transition line). At t = 0, an arbitrary vertex is dissociated from its six links, and the kinetics of the system is then monitored over a long period of time. A snapshot time series is shown in Fig. 4 (see as well Movie 1 in Supplementary Material), together with a graph depicting the speed of the bleb's apex, v bleb = d∆h/dt (∆h is the distance between the bleb's apex and its base), the diameter of the bleb's neck and the average length of a CSK strand. The snapshot series indicates that the membrane caps immediately after, and at the same location where, the ablation is made. The cap grows rapidly during early times, as shown by the v bleb . The speed reaches a maximum, then decays during later times. The qualitative behavior of the apex's speed is similar to that reported by Charras et al. [12] . The diameter of the neck evolves non-monotonically with time: The sudden localized dissociation of one vertex from its six neighboring strands causes an imbalance of forces on the six neighboring vertices leading to their displacement outward and then an increase of the size of the strands in the ablation region. Meanwhile, this is accompanied by a compression of the overall CSK, demonstrated by a decrease in the average length of CSK strands. After the initial brief expansion of the neck, during which the bleb has a shape of a cap, the neck starts to retract. The onset of retraction of the CSK strands in the neck region coincides with the transition of the bleb's shape to that of a bud. Interestingly, this transition roughly coincides with a slowing down in the growth rate of the bleb's apex. We associate this slowing down to the fact that the net current of lipids flowing into the bleb is proportional to the perimeter of the neck. Subsequent kinetics is characterized by slower growth of the bleb and a slow relaxation of the CSK's elastic stress. Blebs growth ceases once the CSK reaches its stress-free state. It is noted that no blebbing is observed following ablation if the initial value of s is much below the transition line. We note that the blebs in our study are much smaller than those reported experimentally [12] . A quantitative comparison between the speeds from our study and that from experiment is premature since small blebs cannot be resolved in experiments.
We also made a series of computer experiments where a second ablation is subsequently applied at a location diametrically opposite from the first ablation. In Fig. 5 , the height of the second bleb, ∆h 2 , is plotted vs. time, together with the height of the growing bleb, ∆h 1 , when a single ablation is applied. When two ablations are applied simultaneously, then two almost identical blebs form simultaneously and grow at the same rate (data not shown). However, when the second ablation is applied subsequently, different kinetics of the second bleb is observed depending on the time lapse, ∆t, between the two ablations. If ∆t is very short ( < ∼ 250τ ), the second bleb forms and grows (cf. red curve in Fig. 5 ). However, when ∆t > ∼ 1500τ , a second bleb forms and grows during intermediate times (green curve and snapshot series of Fig. 5 ). During later times, the second bleb then retracts and eventually completely disappears (see Movie 2 in Supplementary Material for the case of ∆t = 2000τ ). The life time of the second bleb is reduced as the time interval ∆t is increased. We note that energetically, one bleb is more favorable than two blebs. Therefore, even for small ∆t, the second bleb should be metastable. No discernible second bleb is observed when the second ablation is applied after ∆t > ∼ 5000τ (cf. purple line in Fig. 5 ). These results further substantiate that the observed blebbing is the result of the interplay between the CSK elasticity and the lipid bilayer elasticity. We emphasize that in cells, the hydrostatic pressure plays an important role on blebbing, which is not accounted for in the present model. Therefore, the explicit variation of blebbing in our study, in terms of the parameter s is expected to be different from that in cells [10] .
We also looked at a vesicle undergoing a sudden uniform contraction of the CSK, starting from an equilibrium homogeneous state. This simulates the activity of myosin motors in generating a contraction of the actin meshwork. A configuration of the vesicle during blebbing is shown in Fig. 6 . Right after the sudden CSK's contraction, many blebs are formed throughout the vesicle. Fig. 6 , indicates a rapid increase in the number of formed blebs during early times, which then reaches a maximum, and eventually decays at later times. The late time kinetics proceeds through coalescence of blebs and retraction of some blebs, albeit most of blebs coalesce. An example illustrating the coalescence of two neighboring blebs is shown in the snapshot series in Fig. 6 (also see Movie 3 in Supplementary Material). Interestingly, the number of blebs is found to decay as N blebs ∼ t α with α ≈ −0.44 which is close to 1/2. Note that a large number of runs and longer simulations are needed to unambiguously extract this exponent. Since the system is undergoing spinodal decomposition between the blebbed and homogeneous regions. The kinetics of blebs' coalescence is similar to that of a two-component membranes undergoing phase separation without hydrodynamics for which the exponent of the number of buds, α = −1/2 [24] .
IV. CONCLUSIONS
In conclusion, we presented a numerical study of blebbing based on a model of a self-assembled LB with explicit CSK. In this model the solvent is accounted for implicitly, and therefore volume constraint and cytosol flow are ignored here. These effects have recently been put forward as essential ingredients of blebbing. From investigation of the phase behavior of blebbing, we found that for small mismatch parameter, s , the equilibrium state is that of a homogeneous vesicle with the CSK conforming to the entire vesicle. However, for relatively large s, the equilibrium state is that of a blebbed vesicle, with the bleb being devoid of the CSK. The transition value of s decreases linearly with the linear size of the CSK corral, in agreement with the recent theory of Sens and Gov [19] . Blebs are observed when the membrane is subjected to a localized disruption of the CSK or a uniform contraction, in line with experimental observations.
